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Abstract We study pure radiation spacetimes of algebraic types O and N 
with a possible cosmological constant. In particular, we present explicit trans- 
formations which put these metrics, that were recently re-derived by Edgar, 
Vickcrs and Machado Ramos, into a general Ozsvath-Robinson-Rozga form. 
By putting all such metrics into the unified coordinate system we confirm 
that their derivation based on the GIF formalism is correct. We identify only 
few trivial differences. 
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1 Introduction 

In recent papers [UEKE] , Edgar, Vickers and Machado Ramos systemati- 
cally re-derived a general family of pure radiation spacetimes which are of 
algebraic types N and O. Using the advantages of the generalized invariant 
formalism (GIF) [5], which combines the features of standard Geroch-Held- 
Penrose (GHP) and null rotation invariant formalisms, they obtained a com- 
plete class of conformally flat and type N solutions of the field equations, 
possibly admitting a cosmological constant A. 

These metrics were presented in [HEIEJI!] m the contravariant forms of g y 
using various different coordinates. Our main aim here is to compare these 
(apparently distinct) metrics by putting all of them into a common coordinate 
system which is more suitable for physical and geometrical interpretation. 
This will also elucidate relations of these solutions to previous works, in 
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particular those presented in [6,7,8,9,10 . We will explicitly demonstrate 
that all such metrics can be conveniently written in the form 

ds 2 = A d C dc - 2 du dv + L g - „ _ | ff ) d u 2 , (i) 



where 



and 



P = l + i/lCC, (2) 
Q = (l-UCC)a + ^C + /3C, (3) 



K= \Aa 2 + 2/3/3, (4) 

where a(u), are functions of u, and _ff(C, C? M ) is a function of £, £, u. 

The general metric CD) — was first presented by Ozsvath, Robinson and 
Rozga in 0. It represents all type N or conformally flat Kundt spacetimes 
with a cosmological constant which are either vacuum or contain pure radia- 
tion. Indeed, with the null tetrad k = d v , 1= {P 2 /Q 2 )d u + {P 4 /2Q 4 )F d r , 
m = Pd^ where F = g uu , the only non-zero curvature tensor components 
are given by 

^ = \{PH),«^, (5) 

£ 22 = §(P 2 ff cf +§vlff)gJ. (6) 

The complete family of conformally flat Kundt spacetimes with pure 
radiation are obtained by setting = 0, in which case the function H takes 
the particular form 

A(u)+B(u)( + B(uK + C(u)tt 

H = rrpec ' (7) 

where A(u), B{u) and C(u) are arbitrary functions of u, with A and C real. 
The pure radiation component is then 

** = W + \ A *)^>- (8) 

The spacetimes are vacuum when ^22 = 0, i.e. P 2 H ^ + \AH = . This 
equation has a general solution H = (/^ + — \AP~ 1 {C,f + £/) , where 
f{fi,u) is an arbitrary function of C, and u, holomorphic in £. In all other 
cases, the spacetimes contain pure radiation and are of type N or O. 

In particular, for conformally flat and vacuum spacetimes, C = — hAA. 
Such functions H of the form Q correspond to / = c (u) + Ci(it)£ + c 2 (u)C 2 , 
where Ci(u) are complex functions of u related to A and B. These solu- 
tions, with / quadratic in £, are isometric to Minkowski (if A — 0), de Sitter 
(if A > 0) and anti-de Sitter spacetime (if A < 0) , see [5] . For all other choices 
of H, the Kundt spacetimes ([l])-([4|) describe exact non-expanding pure ra- 
diation and/or gravitational waves. 
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2 Type N spacetimes with pure radiation 

The class of type N pure radiation solutions of Einstein's field equations 
with A — within the Kundt family was obtained in [2]. In the coordinates 
(t, n, a, b) of equation (66) therein, the contravariant metric tensor reada3 



.9" 



/ l/a CP 
l/a —L/a n/a 
On/a 10 
\ 1, 



(9) 



where the arbitrary function L(t, £, £) depends on three real coordinates t, a, b 
via the complex variable £ = a + i b. The inverse matrix to ([9|) is 



(n 2 + aL) a —n 0" 
i a I 

s« =1 - n 1 o I ' (10) 
1, 



so that the line element can be written as 

ds 2 = da 2 + d& 2 - 2n dt da + 2a dt dn + (n 2 + aL) dt 2 . (11) 
Now, performing the transformation and re-labelling 

Ti 

x = a, y = b, v = ~2a' u = t, (12) 
the metric becomes 

ds 2 = d.x 2 + dy 2 - Ax 2 du dv + (4xV + x L) du 2 , (13) 

which is the standard explicit form of the Kundt type N metrics, see e.g. [11] . 
Introducing the complex spatial parameter ( — -^(x + iy), we obtain 

ds 2 = 2 dCdC - 2(C + () 2 du dv + [2(C + C) V - (C + C) H] ^ 2 . (14) 

This is the particular case P = 1, Q = £ + C, H = — -j^L of the general 
metric ([T]) of Kundt type N spacetimes given in [6, 9J , which corresponds to 
the choice of parameters yl = 0, a = 0, (3 = 1, i.e. k = 2. 



1 Here and in the following we are changing the signature to ( — h ++). 
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3 Type O spacetimes with pure radiation 

Next, we will examine the family of solutions obtained in [T]. In the coordi- 
nates (t, n, a, b), these conformally flat spacetimes are given by 



9 V 



/ 1/a 

1/a (2S-2Ma-a 2 -b 2 )/a nja Eja 
nja 10 
V Eja 1 



(15) 



where E,M,S are arbitrary functions of t (see equation (68) in p]). The 
corresponding covariant metric tensor components are obtained by inverting 
this matrix, i.e. 

((n 2 +E 2 + aL) a -n -E\ 
a . . 

10' (16) 
-E 1/ 

where 

L = a 2 + b 2 + 2Ma - 2S. (17) 
The metric thus takes the explicit form 



ds 2 = da 2 + d& 2 - 2n dt da - 2E dt db + 2a dt dn + (n 2 + E 2 + aL) dt 2 , (18) 

which, for E — 0, obviously reduces to (fTTj) . With the transformation and 
redabelling 

x = a, y = b— Edt, v — ~ — , u = t, (19) 
J 2a 

the metric becomes 

ds 2 = da; 2 + dy 2 - 4a; 2 du dv + (Ax 2 v 2 + x L) du 2 , (20) 

where the function L is 

L = x 2 +y 2 + 2Mx+ (2 jEdu)y-2S+ (J E du) 2 . (21) 

This is again the standard Kundt metric (|13p , but the function L now has a 
special form (|2l"j) . It is fully consistent with the assumed conformal flatness 
which requires L to be at most quadratic in the spatial coordinates x and y, 
with the coefficients being arbitrary functions of u. Introducing the complex 
coordinate ( = -^=(x + iy), we obtain the metric (fl~4"|) in which L is 

L(C, t,u) = 2 CC + f(u) C + g(u) C + h(u), (22) 

where /, g, h are any functions of u. This exactly corresponds to the function 
H given by expression ([7]) in the case when A = and C(u) is constant. 
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4 Type O pure radiation spacetimes with a negative cosmological 
constant 

Now, we will analyse the solutions described by equation (103) in [3J which 
represent a class of conformally flat pure radiation metrics with A < such 
that rf + hA = 0, where r is the corresponding spin coefficient. The con- 
travariant metric tensor components in coordinates (r, n, m, b) are 

-i 

-m a | - 1 -V -rn^r) -bMr) ( 
1 —mvi{r) 2A 1 

-&i/ 4 (r) 2A 2 

where 

V = 3nis 4 (r) - v b {r){b 2 + m 2 ) - z/ 6 (r) b - — + i^(r) , (24) 

in which 1^3 (r - ), ^4(7"), fs(r), ^6( r ) are arbitrary functions of r. The inverse 
matrix is 



1 

9ij 



2\ 2 m 2 



( -V -2A 2 -mvi{r) -bv i (r)\ 

-2A 2 

—mv^{r) 1 

\-bv4,(r) 1 J 



(25) 



with 

V = -2\ 2 V -vl(r){m 2 +b 2 ), (26) 
so that the metric reads 

ds 2 = —5 — =■ f dm 2 + d& 2 — 2mvAr) dr dm — 2b vAr) dr db 
2X z rnr \ 

-4A 2 drdn- V dr 2 ) . (27) 



Applying the transformation 

x = mR 2 (r), y = bR 2 (r), v = nR 3 (r), (28) 

where 

R{r) = cxp(- - J j/ 4 (r) dr) , (29) 

we obtain 

ds 2 = (da; 2 + dy 2 - 4X 2 R(r) dr dv + 2\ 2 H dr 2 ) , (30) 

in which H has the form 

H = -v 5 (r)(x 2 + y 2 ) - v 6 {r)R 2 {r) y - x + v 3 (r)R\r) . (31) 

Finally, the transformation from r to the new coordinate u, 



2A 2 J R(r) dr , (32) 
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puts the above metric to 



ds2 = 777^7 (ds 2 + dy 2 - 2 du dv + H du 2 ) , (33) 



where the function H is obtained from 77 by substitution for r, 

H(x, y, u) = A(u)(x 2 + y 2 ) + B{u) x + C{u) y + D{u) , (34) 
in which A, B, C, D are arbitrarjO functions of u. With the identification 

A 2 = ~ (35) 

where A < is a negative cosmological constant, this is exactly the confor- 
mally flat subfamily of the Siklos solutions presented for the first time in [7J . 
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r. 



Using the transformation ( = — y — -| (x + \ + \y)/{x — | + iy), ?; 
see jS], the metric (|33|) is put into the Ozsvath-Robinson-Rozga form ([I])-([7]) 
with a =1,0= \J-\A, i.e. Q= (l+ y^pC) (l + ^-g^C) and k = 0. 



5 Other type O pure radiation spacetimes with a cosmological 
constant 



In recent work [4] , Edgar and Machado Ramos extended their investigations 
to a complete family of conformally flat pure radiation metrics with A ^ 
for which rf + ^A ^ 0. The corresponding contravariant metric tensor com- 
ponents given by equation (86) therein, using the coordinates (t,c, a, x), are 



9 V = 







o(f-fe) 





8 7 
afc 1 /2(|_fe)2 ^ 



^36" 

a(f-fc) 











*73(t) 



V 



o 



fc 1/4 73(t) 
a(f-fc) 



a(f-fe) 





a(j-fe) 





4A: 



(36) 



where 73 (t) is an arbitrary function of t, and k is given 

k 



Ua 2 



(37) 



2 Notice that during the derivation we have obtained B(u) = — 1/(2A 4 ). However, 
an arbitrary function B{u) can be set to any constant value by the coordinate 
transformation x = e^x', y = e^y' , u — J e 2 ^ du 1 , v = v' + ^f(x' 2 + y' 2 ), using a 
suitable function f(u'), see [7]. 

3 We have re-labeled the cosmological parameter A used in [4] to ^A, where A is 
now the standard cosmological constant. See also relation (|35|) . 
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The function Z may have three distinct forms, namely 

(i) forvl>0: Z = 71(f) cos (J±Ax) + 2\f2a l2 {t) + z(a, c) , (38) 

(ii) for A < 0: Z = 71(f) cosh U -\Ax\ + 2\/2 a 72(f) + z(a, c) , (39) 
(hi) for yl < 0: Z = ±(=A J 4)~*exp (r^J-^Axj + 2^/2a l2 {t) + z(a,c) . (40) 



Here 71 (t) and 72 (t) are arbitrary functions, and 
12feV2 



z(a, c) 



,1 



+ 1 ^ 2 jfc 1 /2 a 3 c 2(2| yl 2 a 4 _ l Aa 2 + jgj _ (41) 



The corresponding inverse matrix to (j36|) is 



/ 8a y 1 7 3 2 («) 1 (A^ a4 + 1 ) 2c2 (^A 2 a 4 + l)c 



•9y 



4fc ^ fei/2 
a(fc-j) 

fcV4 

(^A 2 a 4 + l)c 
2fcV4 

73 (t) 
4fc 



P74 











1 



73 (t) \ 
4fc 1 







_1_ 

4fc 



so that the metric can be expressed as 



/ 

(42) 



ds 2 = — — ; - da 2 



1 „ , (&AV + 1) 



4fc 2 ~~ ' 4fc 
a(2fc- 3) 



cl5" 



fe 5/4 



C dfda 



73(f) 
2fc 



dt da; 



(43) 



(|/(lr , 8q 7 g(t) (^V + l)» 



df 2 . 



It is possible to apply the transformation 



x = i (x- Jj 3 (t)di 

1 o/, ;Ma 2 - 1 

u = fc 3/4 ^ 

2k a 

m = 4f, 



(44) 

(45) 
(46) 



where k is a suitable non- vanishing constant. This puts the metric (|4"3")l to a 
more compact form 



1 



1 



K(l 



2A: 



2A- 



2A- 



2fc 
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in which the function H(a,x,u) reads 

12fcV2 



(i) H = ji(u)cos(JJa(V2x + Jj 3 {u)du)j +2^ a 72^ ( - 

(ii) # = 7 i(u)cosh(y-±yl(V2\T + j7 3 (w)du)J + 2V2a 72 (u)- 

(iii) # = ±(^vl)^exp(Ty^4 x) exp (t^-^ JVsWdu 



.1 



+2\/2a7 2 (w) — . (48) 

Now, by comparing (|4"T)) with (P) we immediately conclude that the two 
metrics are identical provided 

„„2 ^i2 

(49) 
(50) 
(51) 

with constant a, (3. In view of ([57]) . the condition (|4"9")l leads to the relation 

Q (52) 





2 


Q 2 




2F = 




1 A 2 , 






4fc 2 


- 2l dx2 = 


T^dCdC, 










4^ = 






2fc 


p ' 



kP 2 - ^g 2 



where P and Q are given by (O, (J3J)- The condition ([50]) can then be used to 
find the relation between the real coordinate x and the complex coordinate 
In fact, it can thus be shown that both relations (j49|) and (|50|) are satisfied if 



1 (1-^1CC> + /3C + IC 

a = ~~F 1 - - == ^ = ' ( 53 ) 

V2 ^(iyl^C 2 + \AaC - P){\Ap? + ±A*C - P) 

x = 4 w - < where *<o - /p^fe^ ' (54) 

with k = \Aa 2 + 2(3(3 ^ , cf. (@|. Of course, the function F can be inte- 
grated as 

F(C) = -^-lnC for /3 = 0, (55) 

Aa 

F(() = -2\ 4- arctanhfW— (BC + aj) for /3 ^ . (56) 
V Ak V V 3k / 

The transformation (|53p. ([M]) puts the line element (|4"7]) explicitly to the 
Ozsvath-Robinson-Rozga metric form ([!]) , namely 



ds 2 = JL d C dc - 2 |J d^d« + |! v 2 I fW : 



(57) 
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where P = 1 + ±/lCC and Q = (1 - |^CC) " + C + £ C , with constant a, /?. 
Moreover, using (fSTj) . the function if can be expressed as 

H =^l\/ d A ^ 2 + l Aa < ~ PKiw? + " S H , (58) 

In view of the above three possible forms (i)-(iii) of H, and considering 
relations (|5^)) - ([5^)) . it can be argued that the function H takes the form 
([7]) for the most general conformally flat solution of the Ozsvath-Robinson- 
Rozga family of spacetimes. 

As shown in |(i !) . there are various geometrically distinct subclasses of so- 
lutions represented by the metric ([57)) . These subclasses can be distinguished 
by the cosmological constant A and sign of the function k defined in f4|. 
Each is represented by the corresponding canonical choice of the parameters 
a and j3. The case n = 0, which corresponds to the Siklos spacetimes with 
rf + ^A = and A < 0, was described in previous section [H The solutions 
in the present section [5] are characterised by rf + ^A ^ 0, and correspond to 
the cases k ^ 0, A ^ 0. 

For A > 0, there is only the subclass k > of possible solutions, see ([!]). 
Its canonical representation is given by a = 0, = 1, so that P = 1 + ^A(( , 
Q = C + C i and k — 2. In this case the transformation (fS"3|) . (|54|) simplifies to 




A straightforward calculation now shows that the function H given by l|58p 
takes exactly the form ([7]) where 

A{u) = -L C os (yp/^Wdn) - >/2~) , (61) 

B{u) = -L ^2 72 (u) -i^/p 7l («) sin(^l/7i,(tt)d«)^ , (62) 

C{u) = -\AA{u)-2, (63) 

which follows from the case (i) of H . 

If A < 0, there are two subclasses of possible solutions for k ^ 0. When 
k > 0, the canonical representation is again given by a — 0, (3 — 1, and the 
transformation has the form (|59|) , (|60|) . with the replacement yl — > — yl and 
arctanh — > arctan in (f6T)|) . Similarly, the trigonometric functions in (fBTI) (|6"3")) 
are replaced by the corresponding hyperbolic functions, which correspond to 
the case (ii) of H in (|48|) . Similar results can be obtained for the case (iii). 
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When k < 0, the canonical representation of these spacetimes is a = 1, 
/3 = 0, so that P = 1 + ^CC > <2 = 1 - g^CC and k = |yl < 0. In this case 
the transformation (|53|) , (|54[) is simply 

< i i 

(64) 




(65) 

Notice that x is purely imaginary in this case. Indeed, introducing the polar 
parametrisation ( = p exp(i(/?), the transformation becomes 



1 3 




(66) 



However, this is consistent with the form of the metric (|47|) . It follows from 
the relation (|4T)|) that the sign of the parameter k is the same as the sign of the 
function k, so that k < in this case, and the coordinate x must (formally) 
be purely imaginary. In fact, 2k = \Aa 2 + 1 = ±(3//l)((l + \Ap 2 ) 2 p~ 2 < 0, 
and the expression (|50|) gives 



1.9 1-2 



,k 2da + 2k dx -iTTWr {dp +pVy (67) 

Again, the function H for the case (ii) takes the form |7| in which 
A(u) = ^( l2 (u)-^/3/\A\), 

B{u) = -!= 7i (u) (^cosh yi\A\J l3 ( u ) du) - i sinh ^fI\A\J l3 (u) du 
C(u) = -±AA{u)-2y/6/\A\. (68) 



Analogous results are also obtained for the case (iii) of (|4"5)l , provided a linear 
combination of the terms with different signs (that is with their upper and 
lower choices) is considered. 



6 Summary and conclusions 

In this contribution we have analyzed pure radiation spacetimes which are of 
algebraic types N and O. In particular, we have concentrated on the metrics 
presented in recent works [T]rjl[31|3] . We have found explicit transformations 
which put all these solutions to the Ozsvath-Robinson-Rozga form (jTJ)— ([3]) , 
first given in j6j. This conveniently represents an entire family of type N or 
conformally flat Kundt spacetimes with an arbitrary cosmological constant A, 
which are either vacuum or contain pure radiation. 

By putting the above metrics into the unified coordinate system of ([T]) 
we have confirmed that their derivation based on the GIF formalism, as 
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presented in [UEKE] > is mathematically correct. When compared with the 
general function characterizing the complete family of conformally flat 
solutions, which involves four arbitrary (real) functions of u, we have identi- 
fied only few apparent differences. In particular, in the solutions with A = 
given by ()22|) . instead of an arbitrary function C(u) there is a constant. Sim- 
ilarly, in the case A < such that rf + ^A = 0, the function B{u) in 
is constant, namely B(u) = — 1/(2A 4 ), but this can always be achieved by a 
coordinate transformation (see the footnote in section Q|. In the cases A ^ 
for which rf + ^A ^ 0, the functions A(u) and C(u) in equations (j()3")) and 
(f6"5)) differ only by constants. Compared to a generic expression ([7]), this again 
does not represent any loss of generality. Indeed, coordinate freedom of the 
metric (j57| . namely 

.-✓/eo+M, . = (69) 

implies 

£'=-^-/?F, C' = -^ + iA*.F\ (70) 

where F(u') = ^ — 2^J and/(u') is an arbitrary function. Consequently, 

C + = /~ 2 (C + jjjA/4) in which / can be prescribed arbitrarily. In addi- 
tion, it follows from expression |8]) that the u-dependence of the pure radia- 
tion component ^22 is modified by such a coordinate transformation and can 
be set, e.g., to a constant. 

However, it should be pointed out that the function k, introduced in 
equation (|37p . may have negative values when the cosmological constant is 
negative. In such a case, the metrics ((33]) or P?)) do not maintain a correct 
signature, and roots of negative k also occur in the original metric ()43l) . 
This problem disappears when the transformation (|53|) , (|54|) to the Ozsvath- 
Robinson-Rozga form (|57|) is performed (see also relations (|66|) 1. 

Let us finally note that the classes of spacetimes studied in this contribu- 
tion have very interesting geometrical properties. For example, they provide 
exceptional cases for the invariant classification of exact solutions, see e.g. [12j 
fT3| . It has also been demonstrated p!4l[T5llT6] that, for conformally flat pure 
radiation (and some other type N, III and O) Kundt spacetimes, all scalar 
curvature invariants constructed from the Riemann tensor and its covariant 
derivatives of all orders identically vanish. 
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